Abstract. For a hyperbolic knot, the excellent curve is the component of the character variety containing the complete hyperbolic structure on the complement of the knot. In this paper we introduce the concept of net presentation of a knot with 2n strings which generalises the well known plat presentation of a knot with 2n strings. Nets with 4 strings are the correct setting to apply quaternion methods to compute their excellent curve. This is done here in a convenient way for application to the study of invariants of cone-manifold structures.
Introduction
In this paper we give a method to compute the excellent curve (see Section 5) C E (K) and the peripheral polynomials of a hyperbolic knot K from the Wirtinger presentation of the knot group G(K).
The standard theoretical method consists in considering a system of n meridian generators (a 1 , a 2 , ...a n ) of the knot group, then the relators of the group give polynomials with integer coefficients in the trace variables t(a 1 ) = ... = t(a n ); t(a i a j ); t(a i a j a k ). These polynomials define the affine variety of representations of the knot group into SL (2, C) . This approach presents the ideal defining the variety by a great number of polynomials in many variables. To compute geometric invariants of hyperbolic cone-manifolds, and therefore invariants of hyperbolic manifolds obtained from hyperbolic orbifolds via coverings ( [9] , [10] , [11] ), is important to work with a special projection of the excellent curve in C 2 , namely with a polynomial in two variables. It is also convenient that these variables be traces, and at least one of them should be the trace of a peripheral element. For instance peripheral polynomials ( [14] ), where the two variables are traces of peripheral elements, This makes peripheral polynomials more convenient for our purposes than A-polynomials. Our goal is to compute one of this special polynomial in two variables. Following the above standard theoretical approach, when n is bigger than 2, it is practically impossible to obtain the useful polynomial defining the excellent curve, because of the high number of variables and polynomials. But when n = 2, there are only two variables, t(a 1 ) = t(a 2 ), and t(a 1 a 2 ), and the computation of a single polynomial in these two variables defining the excellent curve is possible (see [7] and [8] ). In order to generalise this last procedure, we will look at it from a different point of view: We can interpret SL (2, C) We are interested in 4-nets, which generalise 2-bridge knots, because we can apply the above methods to compute the excellent curve. 4-nets are a class of knot diagrams that can be quickly explained as follows. Take a 4-plat presentation of some knot, and replace crossings by rational tangles. This is a 4-net presentation of some knot. For instance, a Montesinos knot has a 4-net presentation. The method of obtaining the excellent component for rational knots, just explained, works equally well for 4-net presentations of knots. The key point to understand is our Theorem 3.6 and subsequent results, they show that given the coordinates in a basis B of the two matrices of two strings entering in a rational tangle composition one can deduce the coordinates of the matrices of the other two strings by introducing two new variables and two new polynomial equations, one coming from the Conway sphere and the other from the specific tangle. Then one proceeds as in the case of 2-bridge knots, writing the coordinates of the overpass-meridians of the 4-net diagrams other than a, b and the inside rational-tangle overpasses. This decreases enormously the number of variables and makes the computation feasible for almost all knots in Rolfsen's tables ( [25] ).
Once the affine variety is obtained as a set of polynomials, one can use Gröbner bases to finally obtain the excellent curve and the peripheral polynomials of the knot. As we said before, this information contains the relevant hyperbolic geometric invariants of the cone manifolds that can be obtained by Dehn-surgery on the knot. We give some examples of these invariants.
Preliminaries
A general reference for concepts about algebraic varieties used in this article are the books [2] and [3] The set of representations of a finitely generated group G into SL(2, C) (or P SL(2, C)), up to conjugation is an affine variety. The subset of the abelian representations is a closed subvariety ( [5] ). The union of components of the affine variety of representations other than the subvariety of abelian representations is the character variety of G into SL(2, C) (or P SL(2, C)) and is denoted, respectively, by C(G) and
The 3-sphere S 3 is assumed oriented. The fixed orientation is the right-hand screw orientation when refereing to pictures.
If K is a hyperbolic knot in S 3 , G(K) has two faithful and discrete representations in P SL (2, C) . By Mostow's Theorem they are equal up to complexconjugation (orientation reversing isometry in hyperbolic 3-space), since they are the holonomies of the two complete hyperbolic structures of finite volume of S 3 \ K. (In Riley [24] they are called the excellent representations.) They lift to SL(2, C) (see [26] , [5] , [4] ) and belong to an algebraic component of C(K) which has complex dimension 1. This irreducible component is the excellent curve of K, denoted by C E (K).
An irreducible polynomial in two variables defining the curve C E (K), where the two variables are traces of peripheral elements in the group G(K) is a peripheral polynomial of K ( [14] ).
A branched covering p : M −→ N is a virtually regular covering if there exists an unbranched covering u : M −→ M such that p • u : M −→ N is regular ( [18] ). This concept is important in the construction of hyperbolic manifolds from hyperbolic orbifolds via covering spaces, because virtually regular coverings are the only branched coverings with constant branching indices along the fibers.
Computational techniques
We think of SL(2, C) as the quaternions of norm 1 in the quaternion algebra
The trace of A ∈ M (2, C) and the norm of A are, respectively, the trace and the determinant of A. The matrices of the form P = x b c −x are the pure quaternions. Consider the anti-involution i on M (2, C) defined by
(tr(A)) and A − is pure. This formula, which arises from the direct sum decomposition of M (2, C) into the +1 and -1 eigenspaces of the anti-involution i, expresses each quaternion as the sum of a real quaternion and a pure quaternion; or equivalently, each matrix as the sum of a diagonal matrix and a zero trace matrix. Observe that if P is pure then i(P ) = −P , and that if
The following lemma recalls some basic properties of the above decomposition.
Lemma 3.1. ( [13] ). Let A, B and C elements of M (2, C). Then
We shall obtain the excellent curve of a knot starting from a Wirtinger presentation of the knot group, G(K), corresponding to a knot diagram. The generators of the Wirtinger presentation are the meridians and each relator is associated to a crossing. We shall denote the generators by small latin letters. Let ρ be a representation of G(K) into SL(2, C). We shall denote the image of the meridians by the corresponding capital letter: ρ(a) = A.
Since the meridians {a, b, ...} are conjugate elements in the group, the matrices {A, B, ...} have the same trace. We denote it by 2α. Therefore αI 
The following three lemmas will be relevant in the computation of the excellent curve of a knot from a Wirtinger presentation associated to a diagram of the knot.
, or the subgroup generated by X and Y has parabolic elements.
Proof. If β = 0, then α 2 = β + 1 = 1, and therefore α = ±1 and tr(X) = ±2. Thus either X = ±I (which is not allowed) or X 2 is parabolic. If β + γ xy = 0, then by (3.1), (XY )
or XY is a parabolic element. 
Proof. If the function γ 2 ab − β 2 is identically zero on C E (K) we will get a contradiction. Recall that in a neighbourhood of ρ 0 there exist representations which are the holonomies of cone-manifold structures of the knot K ( [26] ), and these representations do not contain parabolic elements (see [22, Th6.5.7, p.237 
, although by hypothesis a = b ±1 . Therefore ρ 0 is not injective, which gives a contradiction ( [26] ).
Since the set of points of C E (K) which are zeroes of γ 2 ab − β 2 is finite we have the following Corollary.
− is a basis for the quaternion algebra M (2, C), for all ρ with a finite number of exceptions.
It turns out that the choice of this basis simplifies considerably the formulas and computations. In this basis, the first coordinate of X corresponds to the real part X + of the quaternion, and the other three coordinates correspond to the pure part X − . The coordinates of A and B, in the basis B (A, B) , are A = (α, is always α. Therefore we only need consider the three coordinates corresponding to the pure part: The following theorem applies in particular to the matrices associated to meridian elements in a Conway sphere of a knot. It proves that, in almost all cases, two of them can be obtained from the other two by introducing two new parameters subject to a quadratic constraint. See 
where (3.7) r = −α + 2(γ ab + β)t 2α and s and t satisfies the following quadratic equation (A, B) , for the quaternion algebra M (2, C), where A, B ∈ SL(2, C) and α = A + = B + , the elements C = (α, r, s, t) and D = (α, −r, s, t), where r is given by (3.7), and s, t satisfies (3.8), belong to SL(2, C), and satisfy AC = DB.
Conversely, given a basis B
− is a basis for the quaternion algebra M (2, C) (see Corollary 3.5). Let (α, r, s, t), (α, r , s , t ) be the coordinates of C and D respectively, in the basis B(A, B), then, multiplying quaternions
and matching coordinates for AC = DB, we have
which is equivalent to
Substituting the value of (r + r ) given in the fourth line into the first we obtain the system
Replacing (t − t)i 2 in the first line using the third line, we obtain
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The first line simplifies to Finally, the condition that C is a unitary quaternion implies that
from which we obtain the following quadratic relation between t and s: Observe that the relative position of the known meridians (a and b) in the relator (ac = db) considered in the above theorem is important. Different choices will give slightly different formulas. However the values of x and y for the other possibility (ax = by in Figure 3 .2) are obtained from a and b by computing first c and d, as before, and then setting x = c and y = b −1 db. Next, we assume that a rational tangle lies inside the Conway sphere. Let's call T p/q the rational tangle p/q, and let ac = db be the relator in G(K) associated to the sphere containing the tangle. Let ρ ∈ C E (K) be a generic point. Then, for p/q = 1 and a = b ±1 Theorem 3.6, applied to the Conway sphere, gives C and D from A and B as a function of two variables s and t, constrained by a quadratic equation. The tangle T p/q gives a new constraint, and in such a way that now C and D can be obtained from A and B as functions of just one variable constrained by a polynomial equation. This polynomial is a function of p/q and can be computed. Perhaps it would be worthwhile to find a general formula for it. However, we content ourselves here with giving some simple cases (with p/q = n ∈ Z), since they are enough to compute the excellent component of a large number of knots including almost all those in Rolfsen's table. = 0. Then
and s satisfies the quadratic relation
Substituting α 2 = β + 1, we have
Therefore we have proven that for ac = cb, C can be obtained from A and B by
We have proven the the following Theorem.
is conjugate to A and B and satisfies AC = CB, then
where
Conversely, if C = αI +X, where X is given by the righthand side of (3.10), and h satisfies (3.11), then C ∈ SL(2, C), C is conjugate to A and B, and AC = CB.
Case 2: The tangle T 2 (Figure 3.3) . Here ac = ba = db. Therefore using the base B(A, B) in theorem 3.6, the coordinates of these meridians are
, and s and t satisfy a quadratic relation. But, expressing the equality AC = BA in coordinates, we have
and
Then, matching coordinates we obtain a completely determined linear system in the variables r, s, t with unique solution
Therefore
The proof for D − is analogous. Therefore we have proven:
Case 3: The tangle T −2 ( Figure 3.3) . From Figure 3 .3 we have that ac = cd = db. Then AC = CD implies that (AC) + = (CD) + , in coordinates:
together with the condition that C is a unitary quaternion (equivalent to (3.8))
gives, by addition 
From (3.7), we have
Substituting these values of s and t in (3.8) we obtain the polynomial
The expression for D is a consequence of Theorem 3.6. Therefore we have proven:
where r is a root of the polynomial
There are knot diagrams (4-net presentations of a knot; see Definition 4.1) such that, starting from two different meridians a and b, defining a quaternion basis
it is possible to isolate rational tangles in the diagram in such a way that, by application of the above formulas, one can derive the coordinates in B(A, B) of the images of all generators in G(K). This process, typically increases the number of variables although they are constrained to satisfy some polynomial equations. Once the coordinates of the generators are known, it is a trivial task to use the remaining relators to obtain more polynomial equations. In this way an algebraic set which contains the excellent curve is computed. But, to mechanise this method, it is convenient to write the formulas in terms of the basis B (A, B) . Observe that the order in (A, B) is important. First we state 
where v = (2β − 2γ ab ) and u = (2β + 2γ ab ) (compare Lemma 3.3). And also define
Lemma 3.11. Let X and Y be elements of SL(2, C). Then
Proof. Compute γ xy I and 
Proof. This is a consequence of Theorems 3.8 and 3.7.
Theorem 3.13. Let A, B, C and D be conjugate matrices in SL(2, C) such that
in the basis B (A, B) ; (3.20) the basis B(A, B) .
where r satisfies p r ((A − , B − ) = 0.
Proof. This is a consequence of Theorem 3.9, (3.3) and Lemma 3.11.
Remark 3.14. Using the above theorems we will be able to compute the polynomial defining the excellent curve from a Wirtinger presentation of a large set of knots in the variables α and γ ab (notice that β = α 2 − 1): To be coherent with our previous calculations in papers [7] , [8] , [12] , [13] , we will change variables to y = tr(ρ(a)) and z = tr(ab), where a and b are meridians of the knot. The mutual relationships are the following:
In the next section we define a type of knot projection that is well suited to computing the excellent curve from a Wirtinger presentation using the formulas (I), (II), (III) and (IV). j , with j > 1 crossings. We shall say that a knot is a 2m-net knot of type (n s , n s−1 , . . . , n 1 ) if it has a 2m-net presentation of type (n s , n s−1 , . . . , n 1 ) but not a smaller one (in lexicographic order).
NETS
We are interested in 4-nets, which generalise 2-bridge knots, because we can apply the above methods to compute the excellent curve. Some easy consequences of the definitions are the following:
• A 2-net knot is the connected sum of the rational knots. • The integer 4-net knots of type (n 1 ) correspond exactly to the rational knots (or two bridge knots).
• The integer 4-net knots of type (1, n 1 ) have three bridges. Proof. Any integer 4-net knot of type (1, n 1 ) has a diagram like the one depicted in Figure 4 .3, where the box β i represents a geometric 4-string braid element and the box (a i , b i ) represents a rational tangle. The numbers a 1 and a 2 should be odd integers because we are considering a knot, not a link with two or three components. Recall that the manifold obtained as the double cover of S 3 branched over the Montesinos knot (o; (2, 1), (a 1 , b 1 ), (a 2 , b 2 ) ) is the Seifert manifold designated by the same signature ( [19] The orbifold structure in S 3 with the knot as singular set with angle π has SL(2, R) geometry. The concepts of arcbodies and fracturable links were defined in [16] and they are related to the existence of incompressible surfaces in 3-manifolds constructed via coverings. It was proved in [18] that all virtually regular covers of S 3 branched over a fracturable prime knot are Haken. 
Excellent curve of 4-net knots
For integer 4-net knots of type (n 3 , n 2 , n 1 ) or smaller we can carry out our program to compute the excellent curve, from the Wirtinger presentation of any of its 4-net presentations of type (n 3 , n 2 , n 1 ), by using formulas (I) and (II) several times, formula (III) n 2 times and formula (IV) n 3 times. As an example of our technique we do this for one knot in each of the following types: (n 1 ), (1, n 1 ), (2, n 1 ), (1, 0, n 1 ). Note that the method can be used for any of them, and for any (n 3 , n 2 , n 1 ). 
Integer 4-net knots of type
In the basis B (A, B) , A − = ( 
Using (II) in relation r 2 : bc = cd, we obtain the coordinates of
Thus we have the coordinates of the image of the four meridian generators as functions of the variables γ ab , and α, or equivalently, (recall (3.22)), as functions of the variables y and z.
At this point we have two choices. We could use the relator r 3 : da = ac to obtain the equation DA = AC between quaternions. Then we get polynomials by identifying the coordinates of the same basis elements. The second approach, which is much more efficient and easy, is to identify the coordinates of D − , to those of the same element coming from relator r 3 : da = ac by using (I). We call this D
We will always follow the second approach. We obtain
2 ab = 0 The polynomial defining the excellent curve is then a factor of p(4 1 ) = 1 − 6α 2 + 4α 4 + 2γ ab − 4γ 2 ab . But this polynomial is C−irreducible: in variables y and z it becomes
(see [27] and [7] ), and it is an easy task to see that this represents a non singular cubic curve in C 2 . The peripheral polynomials of the knot 4 1 have been obtained in [14] .
5.2.
Integer 4-net knots of type (1, n 1 ): The knot 8 20 . We have computed the excellent curve for the hyperbolic 4-net knots of type (1, n 1 ) with less than ten crossings, and many of the hyperbolic 4-net knots of type (1, n 1 ) with ten crossings, using the method explained in this article. We conjecture that for the hyperbolic 4-net knots of type (1, n 1 ) in case 1 (spherical base), there exists an angle α h , which is called the limit of hyperbolicity such that the cone manifold structure (S 3 , K α ) is hyperbolic for 0 ≤ α < α h < π, euclidian for α = α h , and spherical for α h < α ≤ π. Our conjecture for hyperbolic 4-net knots of type (1, n 1 ) in case 3 (hyperbolic base) is that the cone manifold structures (S 3 , K α ) are hyperbolic for 0 ≤ α < π. A Wirtinger presentation for the diagram depicted in Figure 5 .3 is a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 : r 1 , r 2 , r 3 , r 4 , r 5 , r 6 , r 7 )
Since
2 . Therefore, by Corollary 3.5, to define a representation ρ : G(8 20 ) −→ SL(2, C), we choose first the image of these meridians, A 1 = ρ(a 1 ) and A 2 = ρ(a 2 ) to form the basis
Here is the strategy that we will follow to obtain the excellent curve C E (8 20 
2 ) Now we have to pass through the first linking-tangle, η 2,2 ( Figure 5.3 ). This needs formula (III) to be able to obtain the coordinates of the image of the meridian a 5 involved in this linking-tangle η 2,2 . We use relator r 5 : a 1 a 5 = a 5 a 4 . We can apply (III) because β + γ a 1 a 4 = 0 by Lemma 3.4. We obtain
where we have introduced a new variable h constrained by the quadratic relation
belongs to the ideal defining the excellent curve. Now the strategy is to repeat this whole procedure as follows. First we use (I) to obtain coordinates for A 6 and A 7 ,
In this way coordinates for the image of all the meridians have been obtained. Now comes the final step, which follows closely the final step in the previous example of knot 4 1 . We use r 7 : a 8 a 5 = a 5 a 7 to obtain again coordinates for A 8 , call them A 88 .
The coordinates of A − 8 and A − 88 are rational functions that we express as quotients of two polynomials:
, the polynomials
should be zero. We conclude that the algebraic variety V given by the ideal p 1 , p 2 , p 3 , p h contains the excellent curve. Summing up. Each linking-tangle gives rise to a polynomial p h , and the final step provides three polynomials p 1 , p 2 and p 3 . In this way formula (III) has been used n 2 times. Now comes the practical problem of recognising which irreducible component of the algebraic variety given by the ideal p 1 , p 2 , p 3 , p h , is the excellent component, and the problem of obtaining a simple expression for it.
To do that, we compute the Gröbner basis for the ideal p 1 , p 2 , p 3 , p h with respect to the lexicographic order (h > y > z), in order to apply the Elimination Theorem and the Extension Theorem to partial solutions. (See [2, Chapters 2,3 and 4] for definitions and results, and [3] for a more practical approach.)
The Gröbner basis for the ideal p 1 , p 2 , p 3 , p h with respect to the lexicographic order (h > y > z) has eight polynomials q 1 , q 2 , q 3 , q 4 , q 5 , q 6 , q 7 , p h , where the first one is a polynomial in the variables y, z defining the projection of the algebraic variety on C 2 .
is C−irreducible. This is equivalent to showing that the Riemann surface S which is the desingularization of the algebraic curve P defined by p 1 is connected. To construct S project P onto the z − axis. The critical values of the projection are the common solutions of the equations {p 1 = 0, ∂p 1 /∂y = 0}. Call C the preimage of the critical values; that is, C is the set of critical points. The projection onto the z − axis defines an map ψ : P − C → C − ψ(C), which differs from an ordinary covering map only in that the total space P − C might not be connected. The Fox completion of ι • ψ : P − C → C, where ι : C − ψ(C) → C is the natural inclusion (see [6] ), is a branched covering Ψ : S → C, where the Riemann surface S is the desingularization of the algebraic curve P , and the branching set is a subset of ψ(C). To see that S is connected it is enough to show that P − C is connected. This can be revealed by computing the monodromy ω of the covering ψ. This monodromy is a representation ω :
where m is the y-degree of p 1 and Σ m is the symmetric group in m indices. Then p 1 is C−irreducible if and only if ω is transitive.The transitivity of ω can be checked by lifting to the total space P − C loops in C − ψ(C) with the same base point. This we have done, finding that in fact ω is transitive, so that p 1 is indeed C−irreducible. We will refrain from publishing here this long and tedious computation. (In the sequel, we will claim that some polynomials are also C−irreducible; it is understood that the same procedure has been applied to demonstrate the claim.) Figure 5 .4 shows the curve p 1 (y, z) = 0. As usual the two graphs correspond to the real part and the imaginary part of the complex variable z, for real values of y = 2 cos α 2 in the interval [-2,2] . The following invariants of the knot 8 20 are obtained from the excellent curve (see [8] ), in fact from the polynomial p 1 . The complete hyperbolic structure of finite volume of S 3 \ 8 20 , corresponds to the point P (2, z 0 ), where z 0 = −1.25498 ± 0.627621i. This point P = (y 0 , z 0 ) belongs to the branch of hyperbolicity (see [8] ). The limit of hyperbolicity is given by the point Q = (y h , z h )
where y h is a root of the h-polynomial (see [13] , compare [8] Since y h = 2 cos α h 2 , the limit of hyperbolicity of the knot 8 20 , α h , is approximately 3.00609 radians.
To compute the peripheral polynomials [14] of the knot 8 20 , consider the longitude (see Figure 5 .
From this expression one obtains t V , the trace of V , as a polynomial in h, y, z. We project the algebraic variety V p 1 , p 2 , p 3 , p h , t − t V onto C 2 (y, t), eliminate the variables {h, z} among the polynomials
(using resultants or a Gröbner basis, for instance) obtaining a polynomial in the variables {y, t},. One of its factors, the one containing the holonomy of the complete hyperbolic structure (y = 2, t = ±2), is the peripheral polynomial (y, t). As usual the two graphs correspond to the real part and the imaginary part of the complex variable t, for real values of y = 2 cos α 2 in the interval [-2,2] . This is the most convenient figure for understanding the cone manifolds around the knot in S 3 , where the first coordinate Next we compute the excellent curve from the Wirtinger presentation a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 : r 1 , r 2 , r 3 , r 4 , r 5 , r 6 , r 7 ) of the diagram in Figure 5 .7.
As before to obtain a representation ρ : G(8 16 ) −→ SL(2, C), we choose matrices A 1 = ρ(a 1 ) and A 2 = ρ(a 2 ) so that 
Using the relator r 3 : a 1 a 5 = a 5 a 4 , we can obtain A 5 by applying (III), because by Lemma 3.4, we can suppose that β + γ a1a4 = 0. Then, from r 3 : a 1 a 5 = a 5 a 4 , we obtain A
, h) where the new variable h involved in the last formula is constrained by the quadratic equation
belongs to the ideal defining the excellent curve. The relator r 4 : a 2 a 6 = a 6 a 5 allows us to compute A 6 by using (III) Because the second polynomial has degree one in k and degree zero in h, and the last one degree one in h, we conclude that the curve q 5 in C 2 (y, z) is birrationally equivalent to the excellent component. 16 , corresponds to the point P (2, z 0 ), where z 0 = 0.233975 ± 1.39876i. This point P = (y 0 , z 0 ) belongs to the branch of hyperbolicity (see [8] ). The limit of hyperbolicity is given by the point Q = (y h , z h ) = (0, −1) and the h-polynomial of this knot is just y. Since y h = 2 cos α h 2 , the limit of hyperbolicity of the knot 8 16 , α h , is π. We have computed the peripheral polynomials for the knot 8 16 as in the case of the knot 8 20 , but although the computations are not more complicated than in the above case, the resulting polynomials are too long to include in this article. For instance, the peripheral polynomial ℘ ( 
5.4.
Integer 4-net knots of type (1, 0, n 1 ): The knot 9 48 . There are five 4-net knots of type (1, 0, n 1 ) with less than ten crossings: 9 29 , 9 37 , 9 38 , 9 46 and 9 48 , Here we study, as an example, the knot 9 48 depicted in Figure 5 It is easy to see that it does not have a 4-net presentation of type (n 2 , n 1 ) for any n 2 . It is easy to check that G(9 48 )/ a 1 = a 2 is a two generator group, a quotient of G(3 1 ), so that a 1 = a 2 in G( (9 48 ).Obviously a 1 = a 
